
INTRODUCTION TO MODERN PORTFOLIO OPTIMIZATION

Abstract. This is the �rst part in my tutorial series- �Follow me to Optimization Problems�. In this tutorial, I will touch
on the basic concepts of portfolio optimization and the underlying mathematical models. Several important aspects including
e�cient frontier, sharp ratio and capital market line will also be addressed and a simplex-method-like algorithm will be presented
in solving a general quadratic programming problem with linear inequality constraints. In the end, I will try to list several
hot research topics in portfolio optimization and possible applications in other �elds as well. After this topic, I will show
some basic stu� in semi-de�nite programming and its application in approximation algorithms, convex programming and conic
programming, a little advance graph theory including coloring, counting in graphs etc., scheduling, continuous optimization,
network �ow theory, and game theory in the upcoming tutorial series on optimization. I will also address queueing theory,
random process, sampling theory and more if I �nd any other interesting yet very useful topics on statistics. I will try to work
with my friend, Ph.d candidate Wei Zhou to do a comprehensive survey on current hot research topics on arti�cial intelligence in
machine learning. After all above notes or tutorials have been done, I will go back to some engineering problems in information
theory, digital signal processing, and wireless networking. I will put all these materials on my personal blog (under construction)
and interested readers can also �nd topics like website programming using ASP.Net, PHP, Flex, interview questions (computer
programming, brain teasers so on and so forth) and more personal stu� there.

1. What is portfolio optimization

In the �nancial world, investors want to put their money in the �nancial markets and expect high return on investment
(ROI). However, di�erent degree of risks exist so they don't want to put all their money on one single risky asset. A good
way to hedge this type of risk while maintaining a satisfactory ROI is to invest money on various risky assets. If one or
several risky assets generate losses in the investment, they are still able to gain some pro�ts by earning money from the
rest of the investment. There remains a fundamental problem to be solved: how can we do this? The portfolio selection
process is determining in what ratio an investment should be made on n risky assets, and we call this a portfolio optimization
problem which leads to the pioneer work done by Nobel prize winner Harry Markowitz. In practice, we evaluate the risk by
studying the standard deviation to the expected value for each risky asset. For n risky assets, we can associate a column
vector µ = [µ1, · · ·µm]T to represent the expected returns generated by per unit investment money and a covariance matrix

C =

 c1,1 · · · cn,1

...
. . .

...
c1,n · · · cn,n

 to denote the risks in/between the n risky assets. For the simplicity of the problem, we hereby

assume the covariance matrix is positive de�nite which means for every non-zero vector x = [x1, · · ·xn]T , xT Cx is always
positive. (If the covariance matrix is not positive de�nite, there might be some singular value problems in the later description
of the algorithm to solve the associated quadratic programming problem.) Assuming the expected return µ and the covariance
matrix C are known, the investors have to face the problem in deciding how much risk they could a�ord to make a good
balance between ROI and risks. This can be implemented by a non-negative risk aversion factor t, which is unique to each
investor to indicate to what extent the investor can tolerate with the risks upon his investment. To this far, we can formulate
the portfolio optimization as a minimization optimization problem

(1.1) min{−tµT x +
1
2
xT Cx|eT x = 1}
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where e = [1, · · · 1]T1×n . The equality constraint is necessary since we want to put all our money in the investment. As t goes
to zero, investors only care about how to minimize the risks. When t goes to a su�cient large number, the �rst term will
dominates the second term such that the investor will put all his money to the risky asset with maximum ROI. A portfolio
is called variance e�cient if for �xed expected return, no other portfolio has smaller variance. Similarly, a portfolio is called
expected return e�cient if for �xed variance, there is no other portfolio with a larger expected return. It is easy to �nd that
above two e�cient portfolio and 1.1 are mathematically equivalent to each other by studying their optimality conditions.
Therefore we will restrict ourselves to the combined form of expected return and variance as indicated above in the following
sections.

2. Optimality Conditions for Portfolio Optimization Problems

In general, what is the optimality condition for a minimization problem min{cT x + 1
2xT Cx|Ax = b} where A is an m× n

matrix and b is an m×1 column vector. It can be proved that if the minus gradient of the object function f(x) = cT x+ 1
2xT Cx

lies in the cone spanned by the gradients of the active constraints. Actually this rule can be applied to a more generic convex
programming problem. From geometry, we know minus gradient points to the steepest descent search direction which is
consistent with our minimization problem. For linear system Ax = b, if it is feasible, we can imagine the feasible region as a
polyhedron since it is formed by the intersection of m half spaces. The gradient (norm) of the each linearly active constraint
is orthogonal to its corresponding hyperplane and pointing to the outside of the feasible region. This implies if we want
to keep the problem feasible, we can only move along the direction with a blunt angle( including square angle) with the
gradient of the active constraint. If the steepest descent direction lies within the cone spanned by the active constraint, we
have already reached some conner point at which no further decrement of the objective function can be made. Put it in a
formula, this optimality condition can be written as:

−5 f(x0) = u1a1 + u2a2 + · · ·umam

where A = [

a1

...
am

] and ui ≥ 0 for i = 1, · · ·m. We can prove this optimality condition is both necessary and su�cient condition

for the problem in question. The necessity condition can be easily proved by using Taylor's theorem. The su�ciency is a
little tricky and I only give a sketch of the proof. We assume the m active constraints are linearly independent and m < n
so we can always make extend the gradients of the active constraints to a base of dimension n vector space. By considering
the column vector of the inverse of the n×n square matrix and the given optimality condition, we can show above condition
holds only for active gradients. Interested readers can refer to the lecture notes by prof. Michael. J. Best or course notes by
me in the attachment.

I want to point out that the optimality condition is the application of Karush-Kuhn-Tucker condition for quadratic
programming problems. KKT condition is only the necessary optimality condition while-as it is also the su�cient condition
in our case.

2.1. E�cient Frontier, Capital Market Line and Sharp Ratio. Since we have the optimality condition for our problem,
we can give a close form of the solution to the quadratic programming problem in the form min{−tµT x + 1

2xT Cx|eT x = 1}.
We can list two equations here. The �rst one is the budget constraint eT x = 1, and the second one is tµ − Cx = ue.
Substituting the second equation to the �rst one we get the optimal solution

(2.1) x = x(t) =
C−1e

eT C−1e
+ t

(
C−1µ− eT C−1µ

eT C−1e
C−1e

)
where we can use h0 to represent the �rst constant term and h1to represent the coe�cient of the second term. We can �nd
expected return of this portfolio and variance accordingly.
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µp = µT (h0 + th1) = α0 + tα1

and
σ2

p = (h0 + th1)T C(h0 + th1) = hT
0 Ch0 + 2thT

0 Ch1 + t2hT
1 Ch1 = β0 + 2tβ1 + β2

where it is worthwhile to show β1 = 0 and α1 = β2 by taking some moderate e�ort to derive these two equalities.
So next step is to determine what is the e�cient frontier? The answer is to draw all (σ2

P , µp) pairs in a graph as t increases.
We can treat t as a hidden parameter so we get the formula for the e�cient frontier by connecting the relationships between
µp, σ

2
p and t

(2.2) t2 =
(

µp − α0

α1

)2

=
σ2

p − β0

β2

Therefore in the mean-standard deviation space, the e�cient frontier is a hyperbolic curve. The investors are only supposed
to choose their portfolios based on their degree of risk aversion at this frontier. Otherwise it is neither expected return
e�cient or variance e�cient since they can always �nd a better portfolio with higher expected return with the same variance
or lower variance with the same expected return.

We should notice that in 2.1, (β0, α0) actually is the portfolio with minimum risk (t = 0) an investor can choose. Investors
can only achieve a moderate sum of money since they don't prefer to taking any risks. As t goes to in�nity, the expected
pro�ts also increase as well as the risks. It asymptotically approaches the tangent line of the hyperbole.

A variant of this problem is to add a new risk-free asset with expected return r to see its impact on the shape of the
e�cient frontier. Is it still a hyperbole or any other combined shapes? In answer to this question, let's examine the revised
objective function

min
{
−t(µT x + rxn+1) +

1
2
(xT , xn+1)

[
C 0
0T 0

](
x

xn+1

)
|eT x + xn+1 = 1

}
we should notice that risk-free asset does not play any role in determining the variance. Similarly we can derive the formula for
xn+1 in terms of t, µ, C and r to be xn+1 = 1−eT x = 1−teT C−1(µ−re) and e�cient risky portfolios to be x = tC−1(µ−re),
respectively.

The expected return for the new problem is

µp = r + t (µ− re)T
C−1 (µ− re)

and the variance is
σ2

p = xT Cx = t2(µ− re)T C−1(µ− re)
So the newly generated e�cient frontier is taking form as

σp =
µp − r

[(µ− re)T C−1(µ− re)]
1
2

which is a line so long as xn+1is strictly positive. A natural question can be raised to ask: is xn+1 decreasing in t? Intuitively
speaking, the answer is yes since investors can gain more pro�ts by putting more money into the more pro�table risky assets.
We can prove this strictly in math. Notice that xn+1 = 1− teT C−1(µ− re). Thus if eT C−1(µ− re) > 0, the proportion in
risk-free asset will be decreased as t increases. What does above inequality tell us?

It is equivalent to r < µT ( C−1e
eT C−1e

) , which implies the expected return for risk-free asset n + 1 should be less than the
expected return generated by the portfolio with minimum variance/risks which is solely composed of n risky assets. That
makes great sense here since if not, it contradicts the common sense that risky assets should generate a higher ROI than risk
free asset. At this point, we have established the fact that risk-free asset will be made less investment as risk aversion factor
t increases, there is a threshold at which the risk free asset will be allocated none. Eventually when t = tM = 1

eT C−1(µ−re)
,

the risk free asset will be taken out in the investment and remains 0 afterwards. tM is used to denote up to which extent
a risk aversion factor should be such that risk free asset will be out of consideration in the investment. The corresponding
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Figure 2.1. E�cient frontier for n risky assets and one risk free asset

portfolio is called market portfolio and the e�cient frontier is composed of a line up to the market portfolio then follows the
trace of e�cient frontier composed of n risky assets only. In conclusion, e�cient frontier has two pieces. The �rst is the
linear capital market line (CML), the second is the hyperbolic e�cient frontier for the n risky assets. The newly generated
e�cient frontier has two properties: combined e�cient frontier is continuous at the market portfolio and the CML is tangent
to the e�cient frontier in mean standard deviation space. The proof is straight forward by checking out the allocation vector
x at both CML and e�cient frontier for n risky asset at tM = 1

eT C−1(µ−re)
. The 2nd property can be proved by checking the

slopes respectively at both sides and the coincidence occurs as expected. The following �gure shows the combined shape of
the e�cient frontier.

Once we know the shape of e�cient frontier for n risky assets with one risk free asset, we can use this knowledge to answer
several very interesting questions. Pick a point on the e�cient frontier and call that the market portfolio xm, what is the
implied risk free rate rm? This is easy by drawing the tangent line at xmto the e�cient frontier for n risky assets. This
tangent line is the CML and the intercept at µp axis is the implied risk free rate rm.

Another question can be stated as: Given the risk free rate rm, �nd the associated market portfolio. We can surely draw a
tangent line to the e�cient frontier for the n risky assets and �nd the corresponding market portfolio. There is another way
to achieve the same goal by looking at the slope (

µp−rm

σp
) of the line originated from (0, rm) , this slope is given the name

as sharp ratio. Thus the problem converts to �nding a solution xmsuch that it maximizes the sharp ratio. The nonlinear

problem can be formulated as max
{

µT x−rm

(xT Cx)
1
2
|eT x = 1

}
. The details of this approach can be found in the course notes.

2.2. The Limitations of Above Math Model. As we know, there might be more than one constraint other than budget
constraint. If we don't allow short selling (xi < 0), there should be a non-negative constraint to the allocation vector x. In
addition to that, when we consider transaction costs, we could have more linear terms in the objective function. All these
practical concerns pose a big challenge to the 1.1. We need to build the model based on more general quadratic programming
problems min

{
cT x + 1

2xT Cx|Ax ≤ b
}
where C is positive de�nite. In section 2, I will elaborate the process to solve this type

of quadratic programming problem by introducing the concept of quasi-stationary point.
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3. General Quadratic Programming Problems

In this section, we will focus on how to solve a more generic quadratic programming problem like min
{
cT x + 1

2xT Cx|Ax ≤ b
}
.

Since we set the limits on the constraints to be a bunch of linear inequalities, it will greatly reduce the complexity and we
can borrow many concepts in linear programming by doing so. Let I(x0) = {i|aT

i x0 = bi} denote the indices of the active
constraints at point x0. We have the following de�nition:

De�nition 3.1. xopt is a quasi-stationary point (QSP) if (i) xopt ∈ < = {Ax ≤ b} and (ii) xoptis optimal for min{cT x +
1
2xT Cx|aT

i x = bi,∀i ∈ I(xopt)}.
It might be weird to see this de�nition at �rst sight. Actually it is not a recursive de�nition in logic sense since at di�erent

x0 we may have di�erent I(x0). By the de�nition of QSP, it is guaranteed that the optimal solution must be a QSP. Because
of the nature of the non-linearity in the original problem, the QSP's could lie in anywhere in the feasible region. We might
be able to �nd that, in some cases, the level sets for the object function are concentric circles. If the center of the circle
lies outside of the feasible region, the optimal solution should lie on the boundary of the feasible region. It could be the
conner point which is called extreme point in linear programming, or at the intermediate point in the hyperplane where the
hyperplane is tangent to one of the concentric circles. In this case, the optimal solution corresponds to at least 1 active
constraint. If the center of the circle lies in the interior of the feasible region, the optimal solution is the center itself. There
is no active constraint related to this optimal solution.

3.1. The simplex-method-like algorithm. Now we will demonstrate how to �nd a QSP given any starting point x0. We
could reformulate the problem min

{
cT x + 1

2xT Cx|Ax = b
}
in terms of search direction s0 such that x0 − s0 is optimal for

??. How can we achieve this? I think it is quite generic in applying line-search method. First, x0and x0 − s0both satisfy
the equality constraints, which tells s0must be in the NULL space generated by A.(As0 = 0) We can expand the objective
function at x0 − s0using Taylor's series, and we arrive at f(x0 − s0) = f(x0)−5fT (x0)s0 + 1

2sT
0 Cs0. The revised problem

can be written as

(3.1) min
{
−gT

0 s0 +
1
2
sT
0 Cs0|As0 = 0

}
where g0 = −5 f(x0). In order to solve 3.1, we can apply the necessary and su�cient condition illustrated in section 2. The
optimality condition in this case is As0 = 0 and ∃V, A− Cs0 = AT V where V � 0. We can put both equations in a matrix

form

[
C AT

A 0

] [
s0

V

]
=

[
g0

0

]
. It can be proved if A has full row rank, H =

[
C AT

A 0

]
is non-singular. Solving ??

we can �nd the QSP for ??. We should be aware of that the QSP may reside outside of the feasible region for the original
problem. Therefore we should �nd the appropriate step size before hitting the boundary. This could be realized by adding
the step size σ to adjust the distance we move along the search direction. In short, we want to to �nd the largest σ such
that aT

i (x0 − σs0) ≤ bi for all i. Please bear in mind some constraints will never become active when we move in certain
directions. This is quite obvious since the active constraints in our case are simply hyperplanes. If the inner product of aiand
−s0is less than or equal to zero, which means the search direction −s0 deviates from the hyperplane (blunt angle between

gradient and search direction) even further. Otherwise, we want σ0 = min
{

aT
i x0−bi

aT
i s0

|∀i, aT
i s0 < 0

}
= aT

l −bl

aT
l s0

which means we

will hit the constraint l to become active. If σ0 < 1, we will stop going further since we have already arrived at the boundary
and we should move along a new search direction in the next step. If σ0 > 1, we reach the QSP before hitting the boundary
indexed at l.

At this time, we are able to elaborate the details of the iterative algorithm literally. From any starting point in the feasible
region, we �nd the search direction and how far we should move along that direction. If we hit the boundary before hitting
the QSP, we will add the new active constraint and repeat the same process. If we hit the QSP, we need to compute the full
vector of multipliers (active constraints correspond to the components of −V and inactive constraints are always set to zero)
to see whether or not the optimality condition is satis�ed. If not, delete the active constraint with associated minimum KKT
multiplier and repeat the process until we �nd the optimal solution.
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3.2. Further notes. This simplex-method-like algorithm can be terminated in �nite steps since we have at most 2m QSP's
and �nite number of steps to reach the boundary. However, the complexity of this algorithm is not very e�cient since it is
not a polynomial-time algorithm just like simplex method. We can utilize the concept of basic solution to �nd the starting
point, which corresponds to the extreme point. Interior point method is more cost e�ective in �nding the optimal solution.
Ellipsoid method can also be applied if we �nd a good oracle to reduce the search space at each iteration. Interior point
method and ellipsoid method will be introduced in the tutorial on SDP.

4. Several Research Topics in Modern Portfolio Optimization

On February 29, 2008, I was very pleased to attend the one-day conference entitled �Waterloo Numerical Analysis Sym-
posium� in commemoration of pioneer researcher Gene Golub in the �eld of numerical analysis. Dr. Li has given a talk on
�What can robust optimization do for mean-variance portfolio selection� which interested me very much. In practice, mean-
variance Markowitz model su�ers from the estimation errors in measuring expected return rate and covariance. It has been
veri�ed variations on those mean /covariance parameters can have a signi�cant impact on the portfolio selection strategy.
Min-max robust optimization has been drawn considerable attention as a direct result of mean-variance Markovitz model's
high sensitivity to estimation errors. In Min-max robust optimization, uncertainty sets with prede�ned con�dence level are
associated with mean and covariance, and it is a two fold optimization problem. It is believed that accurate estimation of
covariance is much easiser than that of mean so in Dr.Li's joint work, they focus on uncertain set for expected return rate
only, and proposed a CVaR Robust Mean-Variance in portfolio selection. Their method takes care of the tail distribution
of mean loss thus yields a more diversi�ed portfolio in contrast to the portfolio derived from min-max robust optimization
focusing on worst case performance guarantees.


